1 E Chapter E
The rincipal curvat ures .

1.1 Volum of a t ened hypersce We want to consider
the following problem : et Y C R "L—Je an oriented h -
surfacthere is a well defined unit normal vector, v (y) ,L.—lt each point of Y.

Let Y}, enote the set of all points of the form
Y+t (al\’ Ogtgh
We wish to compute V,, (Y3) her = — lenotes the n—imensional volume. We
will do this computation for small h,L—Jee the discussion after the examples.
Examples E three dim onal space.
1 ..L—Juppose that YL—k a bounded region in a plane, of area A. learly

Vs (Yy) = hAE
S El E]
2. Suppose that YL —Is a riircular cylinder of radius rL—hnd height {L— ith

outwardly pointing nE al.  Th{=T].l—» th ion between the right circular
cylinders of height /L —lnd radii rL—dnd r + hL—Jo

Va(Va) = wt|(r+h)’ -]

= 2mlrh+ 7r£h2|§|

= hA+h2-i~A
2r
1 2

= A h+§-kh ,

where A = ZWTKES the area of the cylind=pnd where k =1 /TES the curvature of the
generating circle of the cylinder. For small A,L— lhis formula is correct, in fact,

ulE|
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12@ CHAPTER 1 E THE PRINCIPAL CURVATURES. whether we choose the
normal vector to point out of the cylinder or into the
cylinder. Of course, in the inward pointing case, the curvature has the opposite

sign , k = —I/T.E
For inward pointing normals, the formula breaks down h > r,ince we

get multi overage of points in -E' by points of the form y y) .
3 .YL—k a sphere of radius R ith outward normal, so Y}, k a spherical shell, and

4 ;
Vi(Ya) = g [(R +h)® - R3]
= h4nR?+ h?47R + h3§wE

1 1
_ 2 3
= hA-i-h—RA-&-h—SRQA

1 1 1
= —-A-|3h+3=-h*+ =R,
3 { + R + R?
where A = 47TR2 the area of the sphere.
Once again, for inward pointing normals we must |E, the sign of the
coefficient of h2L=Jnd the formula thus obtained is only correct for h <
So in general, we wish to make the assumption that hL—.k such that the map

Y x[0,h] = R", (y,t) > y+tv(y)l=

is injective.  For ompact, there always exists an hy > 0L—Juch that this condition
holds for all A < hyg. This can be seen to be a consequence of the implicit function theorem.
But so not to interrupt the discussion, we will take the injectivity of the map as an hypothesis,

for the moment.
In a moment we will define the notion of the various averaged curvatures, Hy, ..., H,_1,.—Jfa
hypersurface, and find for the case ofthe sphere with outward pointing normal, that

]
leiv HQZﬁ,

R
while for the case of the cylinder with outward pointing normal that

! =]
H1:277 H2:03

r
and for the case of the planar region that

H, = H, :O.E

We can thus write all three of the above the above formulas as

1 g
Vs (Vi) = 54 [3h + 3H\h* + Hah?].
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THE GAUSS MAP AND THE WEINGARTEN MAP. 13@
The Gauss map and the Wei E rten map.
the general formula, we make the following definitions : E

t
mersed ) oriented hypersurface. At each x € YL Jhere is a unique
) unit normal vector, and hence a well defined Gauss map

v:Y — 8" 1|§|

assigning to each point z € YELS unit nd Et vector, v ( E Here S™~ 1 enotes the unit
sphere, the set of all unit v sin R" .

The normal vector, v (z 5 orthogonal to the tangent space to Y t . l We will denote
th1s ta t space by T or oursent purposes, we can regard TY S a subs b of

Ift— adi ff rrentiable E e lying ( e hypersurface Y, ( hls
mea E aty(t) €Y ) and if v (0) E Then " (0)L—Jelongs td E tangent space
Conversely, given any lor v e TYy,, e can always find a di ff

E rent1.cur|§|
~ ith E) =z, v (0)=nw. So od way to think d tangent vector to Y

is as an “L—hfinitesimal curve " —Jn Y
Examples %
E Suppose that Y portion of an (n — 1 1mens10na1 li E or affine sub E

space space ingin R" or example suppose that Y = R "' 0ns1st E bf those
points in R " hose last Coordlnate vanishes. Then the tangent space to YL—at every
point is just this same subspace, hence the normal vector is a constant. The Gauss map is
thus a constant, mapping all of Y

E l onto a single point in S"
Suppose that Y the sphere of s R (L—Jay centered a origin ). The

Gauss map car{ = |every point of YV’ to the corresponding sarallel )  point
of S"~1.[=

»assing through z.

other words, it is multiplication by 1/R :

1 [E]
v(y) = 5y
3. uppose thaEEL a right circular cylinder in R hose base is the circle of

radius r ezl a? laneE;fhen the Gau ap sends Y nto the equator of the unit
sphere, S2,l— Jending a p01nt x here
7: R35 R? pI‘OJeCtIOn onto the z!, 22 lane
Another good way to think of the tangent space is in s of a 1
parameterization Which hns that we are givd E map X : M —- R" here M

sope bset of R "' r.1ch that X (M) some neighborhool?
x Y. Let y!,...,y" ¢ e the standard coordinates on R "~ ![= ﬂ Part of the

requirement t oes into the definition of parameterization is that the map X1 —
be regular | the sense that its Jacobian matrix

0X 0X E
0= (G )


MathML
<mrow> <mi>1</mi> <mi>&#x002E;</mi> <mi>2</mi> <mi>&#x002E;</mi> </mrow> 

MathML
 <mi>13</mi> 

MathML
<mrow> <mi>1</mi> <mi>&#x002E;</mi> <mi>2</mi> </mrow> 

MathML
 <mo>&#x003A;</mo> 

MathML
 <mi>Y</mi> 

MathML
 <mo>(</mo> 

MathML
<mrow> <mi>x</mi> <mi>&#x2208;</mi> <mi>Y</mi> </mrow> 

MathML
 <mo>(</mo> 

MathML
<mrow> <mi>&#x03BD;</mi> <mo>&#x003A;</mo> <mi>Y</mi> <mo>&#x2192;</mo> <msup> <mi>S</mi> <mrow> <mi>n</mi> <mo>&#x2212;</mo> <mi>1</mi> </mrow> </msup> </mrow> 

MathML
<mrow> <mi>x</mi> <mi>&#x2208;</mi> <mi>Y</mi> </mrow> 

MathML
<mrow> <mi>&#x03BD;</mi> <mo>(</mo> <mi>x</mi> <mo>)</mo> <mi>&#x002E;</mi> </mrow> 

MathML
<msup> <mi>S</mi> <mrow> <mi>n</mi> <mo>&#x2212;</mo> <mi>1</mi> </mrow> </msup> 

MathML
<mrow><msup> <mi>R</mi> <mi>n</mi> </msup> <mi>&#x002E;</mi> </mrow> 

MathML
<mrow> <mi>&#x03BD;</mi> <mo>(</mo> <mi>x</mi> <mo>)</mo> </mrow> 

MathML
 <mi>Y</mi> 

MathML
<mrow> <mi>x</mi> <mi>&#x002E;</mi> </mrow> 

MathML
<mrow><msub> <mi>TY</mi> <mi>x</mi> </msub> <mi>&#x002E;</mi> </mrow> 

MathML
<msub> <mi>TY</mi> <mi>x</mi> </msub> 

MathML
<mrow><msup> <mi>R</mi> <mi>n</mi> </msup> <mo>&#x003A;</mo> </mrow> 

MathML
<mrow> <mi>t</mi> <mo>&#x2192;</mo> <mi>&#x03B3;</mi> <mo>(</mo> <mi>t</mi> <mo>)</mo> </mrow> 

MathML
 <mi>&#xFB00;</mi> 

MathML
<mrow> <mi>Y</mi> <mo>&#x002C;</mo> <mo>(</mo> </mrow> 

MathML
<mrow> <mi>&#x03B3;</mi> <mo>(</mo> <mi>t</mi> <mo>)</mo> <mi>&#x2208;</mi> <mi>Y</mi> </mrow> 

MathML
<mrow> <mi>&#x03B3;</mi> <mo>(</mo> <mi>0</mi> <mo>)</mo> <mo>&#x003D;</mo> <mi>x</mi> <mo>&#x002C;</mo> </mrow> 

MathML
<mrow><msup> <mi>&#x03B3;</mi> <mo>&#x0027;</mo> </msup> <mo>(</mo> <mi>0</mi> <mo>)</mo> </mrow> 

MathML
<mrow><msub> <mi>TY</mi> <mi>x</mi> </msub> <mi>&#x002E;</mi> </mrow> 

MathML
<mrow> <mi>v</mi> <mi>&#x2208;</mi> <msub> <mi>TY</mi> <mi>x</mi> </msub> <mo>&#x002C;</mo> </mrow> 

MathML
 <mi>&#xFB00;</mi> 

MathML
 <mi>&#x03B3;</mi> 

MathML
<mrow> <mi>&#x03B3;</mi> <mo>(</mo> <mi>0</mi> <mo>)</mo> <mo>&#x003D;</mo> &#x0078; &#x002C; <msup> <mi>&#x03B3;</mi> <mo>&#x0027;</mo> </msup> <mo>(</mo> <mi>0</mi> <mo>)</mo> <mo>&#x003D;</mo> <mi>v</mi> <mi>&#x002E;</mi> </mrow> 

MathML
 <mi>Y</mi> 

MathML
 <mi>x</mi> 

MathML
 <mi>&#x201C;</mi> 

MathML
 <mi>&#x201D;</mi> 

MathML
 <mi>Y</mi> 

MathML
<mrow> <mi>x</mi> <mi>&#x002E;</mi> </mrow> 

MathML
<mrow> <mi>Examples</mi> <mo>&#x003A;</mo> </mrow> 

MathML
<mrow> <mi>1</mi> <mi>&#x002E;</mi> </mrow> 

MathML
 <mi>Y</mi> 

MathML
<mrow> <mo>(</mo> <mi>n</mi> <mo>&#x2212;</mo> <mi>1</mi> <mo>)</mo> </mrow> 

MathML
 <mo>&#x002D;</mo> 

MathML
<mrow><msup> <mi>R</mi> <mi>n</mi> </msup> <mi>&#x002E;</mi> </mrow> 

MathML
<mrow> <mi>Y</mi> <mo>&#x003D;</mo> <msup> <mi>R</mi> <mrow> <mi>n</mi> <mo>&#x2212;</mo> <mi>1</mi> </mrow> </msup> </mrow> 

MathML
<msup> <mi>R</mi> <mi>n</mi> </msup> 

MathML
 <mi>Y</mi> 

MathML
 <mi>Y</mi> 

MathML
<mrow><msup> <mi>S</mi> <mrow> <mi>n</mi> <mo>&#x2212;</mo> <mi>1</mi> </mrow> </msup> <mi>&#x002E;</mi> </mrow> 

MathML
<mrow> <mi>2</mi> <mi>&#x002E;</mi> </mrow> 

MathML
 <mi>Y</mi> 

MathML
<mrow> <mi>R</mi> <mo>(</mo> </mrow> 

MathML
 <mi>Y</mi> 

MathML
 <mo>(</mo> 

MathML
<mrow><msup> <mi>S</mi> <mrow> <mi>n</mi> <mo>&#x2212;</mo> <mi>1</mi> </mrow> </msup> <mi>&#x002E;</mi> </mrow> 

MathML
<mrow> <mi>1</mi> <mo>&#x002F;</mo> <mi>R</mi> <mo>&#x003A;</mo> </mrow> 

MathML
<mrow> <mi>&#x03BD;</mi> <mo>(</mo> <mi>y</mi> <mo>)</mo> <mo>&#x003D;</mo> <mfrac> <mi>1</mi> <mi>R</mi> </mfrac> &#x0079; &#x002E; </mrow> 

MathML
<mrow> <mi>3</mi> <mi>&#x002E;</mi> </mrow> 

MathML
 <mi>Y</mi> 

MathML
<msup> <mi>R</mi> <mi>3</mi> </msup> 

MathML
 <mi>r</mi> 

MathML
<mrow><msup> <mi>x</mi> <mi>1</mi> </msup> <mo>&#x002C;</mo> <msup> <mi>x</mi> <mi>2</mi> </msup> </mrow> 

MathML
 <mi>Y</mi> 

MathML
<mrow><msup> <mi>S</mi> <mi>2</mi> </msup> <mo>&#x002C;</mo> </mrow> 

MathML
 <mi>x</mi> 

MathML
<mrow> <mo>(</mo> <mi>1</mi> <mo>&#x002F;</mo> <mi>r</mi> <mo>)</mo> <mi>&#x03C0;</mi> <mo>(</mo> <mi>x</mi> <mo>)</mo> </mrow> 

MathML
<mrow> <mi>&#x03C0;</mi> <mo>&#x003A;</mo> <msup> <mi>R</mi> <mi>3</mi> </msup> <mo>&#x2192;</mo> <msup> <mi>R</mi> <mi>2</mi> </msup> </mrow> 

MathML
<mrow><msup> <mi>x</mi> <mi>1</mi> </msup> <mo>&#x002C;</mo> <msup> <mi>x</mi> <mi>2</mi> </msup> </mrow> 

MathML
<mrow> <mi>X</mi> <mo>&#x003A;</mo> <mi>M</mi> <mo>&#x2192;</mo> <msup> <mi>R</mi> <mi>n</mi> </msup> </mrow> 

MathML
 <mi>M</mi> 

MathML
<msup> <mi>R</mi> <mrow> <mi>n</mi> <mo>&#x2212;</mo> <mi>1</mi> </mrow> </msup> 

MathML
<mrow> <mi>X</mi> <mo>(</mo> <mi>M</mi> <mo>)</mo> </mrow> 

MathML
 <mi>x</mi> 

MathML
<mrow> <mi>Y</mi> <mi>&#x002E;</mi> </mrow> 

MathML
<mrow><msup> <mi>y</mi> <mi>1</mi> </msup> <mo>&#x002C;</mo> <mi>&#x002E;</mi> <mi>&#x002E;</mi> <mi>&#x002E;</mi> <mo>&#x002C;</mo> <msup> <mi>y</mi> <mrow> <mi>n</mi> <mo>&#x2212;</mo> <mi>1</mi> </mrow> </msup> </mrow> 

MathML
<mrow><msup> <mi>R</mi> <mrow> <mi>n</mi> <mo>&#x2212;</mo> <mi>1</mi> </mrow> </msup> <mi>&#x002E;</mi> </mrow> 

MathML
 <mi>X</mi> 

MathML
 <mo>&#x002C;</mo> 

MathML
<mrow> <mi>dX</mi> <mo>&#x003A;</mo> <mo>&#x003D;</mo> <mo>(</mo> <mfrac><mrow> <mo>&#x2202;</mo> <mi>X</mi> </mrow> <mrow> <mo>&#x2202;</mo> <msup> <mi>y</mi> <mi>1</mi> </msup> </mrow> </mfrac> <mo>&#x002C;</mo> <mi>&#x00B7;</mi> <mi>&#x00B7;</mi> <mi>&#x00B7;</mi> <mo>&#x002C;</mo> <mfrac><mrow> <mo>&#x2202;</mo> <mi>X</mi> </mrow> <mrow> <mo>&#x2202;</mo> <msup> <mi>y</mi> <mrow> <mi>n</mi> <mo>&#x2212;</mo> <mi>1</mi> </mrow> </msup> </mrow> </mfrac> <mo>)</mo> </mrow> 


14|§| CHAPTER 1 E PRIN CIPA URVA = |RES.
whose columns the Eial derivatives he map X as rank n — 1L —lvery — rhere.
The matrix dX asn o nd n—1 olumns. The regularity condition amounts to the
assertion that for each z € ML—lhe vectors,

X X E]

ay Y a.mn-—1
span a subspace of dimension n — I.Elf x = X (y).=Jhen the tangent space TYw precisely
the space spanned by

Supp.hat Fl a di irentlable map from Y‘ R™ E We can then define

its di .al dF, TY armwrzght - sto It is § ear map assigning
each v € TY, value dF, ( e R™: In terms of the “ finitesimal curve "
description, if

v=7"(0) then E

dF, (v) = dth 7 (0).

(ELou must check that this does not depend on the choice of representing curve,

7-)
Alternatively, to give a linear map, it is enough to give its value at the elements of a
basis. In terms of the basis coming from a parameterization, we have

oX OF o X
dF, . = ,
_ < oy (y)) oy (y)
Here Fo X : M — R H the composition of the map F ith the map X. ou must

check that the map dF,L—Jlo determined does not depend on the choice of parameterization.

Both of these verifications proceed by the chain rule. E
One immediate connce of either characterization is the followin| — ortant prop-
erty.  Suppose that FL—lJakes values in a submanifold Z < R ™. hen

Let us apply all this to the Gauss map, V, hich maps Eo the unit sphere,

S~ 1 Then E

, can be identified with T'Y. e define the Wein garteE”nap to be
the di ff L/ Jrential of the Gauss map, regarded as a map from 7Y, o itself

Wy i=dv,, W,:TY, — TYI.E
The second fundamental form is defined to be the bilinear form on 7Y, iven by

dvy : TY, — TSn, ) .
he tangent space to the unit sphe ‘E (x)E consists of :?torb perpendicular to
v(z)

I, (v,w) = (Wyv,w) E
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1.2 E THE GAUSS MAP AND THE WEINGARTEN MAP. 15% the next
section we will show, using local coordinates, that this form is

symmetric, i.e. that
= (u, Wpv) E

diagonizable with real eigenvalues. These eigen-
)f the Weingarten map are called the principal

Examples :E
1. For a portion of (n — 1)pace sitting in R "he Gauss map is constant so its
di ff

Jrential is zero.  Hence the Weingarten map and thus all the principal curvatures are

(Wau,

This implies, from linear algebra, that W,

values, kl = kl (LE) 7kn—1 = /{Jn_

curvatures of YL—lt the point x.

Zero.
E For the sphere ofradius Re Gauss map consists ofmultiplication by 1/ REhich
is a linear transformation. The di E Jrential ofa linear transformation
is that same transforn ( egarded as acting on the tangent spaces ). Hence the
Wei en map is 1/RX d and so all the principal curvatures are equal and are equal to
1 /R
hnder, again the Gauss map is linear, and so the principal curvatures
are O nd 1 .
We let H lenote the jL—Jh normalized elementary symmetric functions of the principal
curvatures. So

Hy = 1
e =
Hi = — kit +ka)
Huy = ki-ky koo

and, in general,

H; = (njl )11§z’1<-2j§n—1ki1--~kij.|g (1.1)@

P

H 1 called the mean curvature and H,_; E called t aussian curvature E
All the principal curvatures are functions of thent rx €Y. For notational simplicity,
we will frequently suppres E dependence on . E en the formula for the volume of the
thickened ersurface ( E will call this the ¢ olume
formula “L—br short ) is:

n
Z ( ) hZ/ H;_yd"~ 1AE (1.2)@
where d"~ 1A.enoteb the (n — 1 imensional ) volume ( rea ) measure on Y.E

A immediate check shows that this gives the answers that we got above for the the plane, the
cylinder, and the sphere.
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16@ CHAPTER 1 E THE PRINCIPAL CURVATURES.

1.3 Proof of th volume formul
We recall that the Gauss map, E ssigns to each point x € S unit normal
W, l—5k

vector, a is a map from YL—lJo the unit sphe”fl. he Weingarten map,
the E rentlal of the Gauss map, W, = dv,, egarded as a map of the tangen

itself. W describe these maps in terms of a local parameterization of Y.
let. M — R " ”leaf | eterl nofcl E
f a neighborhood of Y ear z, here M 5 an open subset of R "', So
yEM,say.Let a::X(y),E
N: v X

so that N : M — S”*1 a map of class Cl.Ehe map

)ELR n-l TYZEI
gives a frame .‘Y Ehe word “ eans an isomorphis our “tan —E
dard imensional space, R "

ith our gin -1)- ‘GE nal space,
TY,. ere we have identified T' ( _l)y - R "1 = o the frame dX,—dives us
a particular isomorphism of R ™71 ith TY,..

Giving a frame uE ector space is the same as givELa ba81s hat vect bace. We will
use these two di fI L/—Jrent Wf using the word “ ame ’ mtef .
ch ably.  Let eq, ...1 denote the standard basis of R "1, a or XL—lnd
N, et the subscript i{L—llenote the partial derivative with respect to the iL—lh Cartesian

coordinate. Thus

) ﬁl =
mple and so y) . ! ’ the frame determined by dX,,

hen we regard TY,L—is a s ce of R" For the sake of notational sim —
phmty we will drop the argument y. hus we have

dX (61) = Xi,
dN (61) = Ni,
and so

WX — E

Recall the definition, IT, (v,w) = (W,v,w) .f the second fundamental form. Let (I

deno e matrix of the second fundamental form with respect to the basis X;,..X,,_1 f
TY,.
Lij = IIm (X“X])E
= (WX, Xj)

SO

Lij=— <N 32X) E (1.3)5

" Oy 0y,
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1.3 E E" OOF OF THE VOLUME FORMULA. 17he last equality coming
from di ff L Jrentiating the identity
(Na XJ) = OE

in the i direction. In particular, it follows from (1.3)nd the equality of cross derivatives
that

WX, X;) = (Xi,WIXj)E
and hence, by linearity that

(Wpu,v) = (u, Wov)Yu,v € TYQC.E

We have proved that the second fundamental form is symmetric, and hence the Weingarten map
is diagonizable with real eigenvalues.
Recall that the principal curvatures are, by definition, the eigenvalues of the Weingarten map.

We will let

denote the matrix ofthe Weingarten map with respect to the basis Xj, ..., Xn,l.E)xplicitly,
N =Y WX, E

J
If we write Ny, ..., Np_1, X1, ...,Xn,ls column vectors of length n,Efe can write the pre-
ceding equation as the matrix equation

(N1, ooy Np1) = (X1 0y Xpnq) WS (1.4)5
The E multiplication on the right is that of an n x (n — 1)L —atrix with an (n —1) x

(n—1) atrix. To u tand this abbreviateation, let us write E
it out in the case n = 3, o that X1, X5, N1, NoL=lre vectors in R 3 :

. X1 _ Xo1 B
X1 = parenlefttp — parenleftbt X X125 > , Xo= parenlefttp — parenleftbt X X225 ) Ny = paren
Then (1.4) the matrix equation
parenle fitp — parenle ftbt Ny 1211 Nny, 2221 ) = parenlefttp — parenleftht X xx 111312 X xx 219322 )

Matrix multiplication shows that this gives

Ny = WX + W1 Xy, Ny =1 1+ W22X27|§|

and more generally that (1.4) es N; =), Wjin all dimensions.

Now consider the region Y;,L— he thickened rsurface, introduced i E preceding section
except that we replace the full hypersurface YL—by the portion X (M). hus the region in
space that we are considering is

{X (y) + AN (y),y € M, 0<Agh}.E
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ISE CHAPTER 1 .E PRINCIPAL CURVATURES. It is the image of the

region M x (0,h] € R ""'x under the map

(Y, A) = X (y) + AN (y) E

We are assuming that this map is injective. By (1.4) ,E has Jacobian matrix

(di ff erential )E
J = (X1 + AN1, e X1 + ANp_1, N) =

(Xla“—laN)( (In—l +0 )\W) (E“
The right hand side of (1.5) E. now the product of two ny n atrices. The change of

variables formula in several variables says that

V, (h) = / b det J|dhdy, - - dyME (16)@

Let us take the dlnant of tl ght hand side of (1.5) E‘he determinant of the ma-
trix (X1, ..., Xpn—1, N ) he ( l n dlmensmnal volume of the parallelep
spanned by Xy, ..., X, — 1 Smce N of unit length and is perpendicular to the X’ )
this is the same .1 nted )n —1 ensional volume of the parallelepiped spanned
by X1, ... hus, “L—Jy definition "

|det (Xl, ey X1, N) |dy1 s dyp—1 = dnilA.E (17)E

(EVe will come back shortly iscuss why this is the right definition. ) The second factor
on the right hand side of (1.5)L—Jontributes

t (L+AW) =1+ Me1) - (1 + Xep—1) E
hall A h

For sufficientl{ = Jhis expression is positive, so we not y about the absolute
value sign if hL—Jmall enough. Integrating with respect to A om 0

to h gives ( E

We proved (I.Q)Ez’f we define d" 1A be given by (1.7) .ut then it follows

from (1.2) that

d%v (Ya)jheo = /d"—lA. (1.8)

A moment quoteri= _I Ett shows . the left hand side of (1. ) b exactly what a
want to mean by “L= I is the * olume ofan infinitesimally thickened reglon
This justifies taking (1.7) s a definition.  Furthermore, although the definition (1.7)

only valid in a dmate neighborhood, and seems to depend on the choice of local coordinates,
equation (1.8)L— hows tha E s independent of t |E cal description by coordinates, and hence is
a well defined object on Y. The functions H; ave been defined independent of any choice

of local coo Ee tes. E E]
Hence ( E orks globally : To compute the right hand side of (1.2) e may have to

break YL—ip into patches, and do the integration in each patch, summin, e pieces. But we
know in advance that the final answer is independent of how we break YL—lhp or which local
coordinates we use.
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1.4 E GA quoteright THEOREMA EGREGIUM. 19@1 .4 E Gauss
quoteright S theorema egregium.
Suppose we consider the two sided region about the surface, that is

(Y4,) +V, (V=)= —

corres 1E ing to the two di ff .rent c es of normals. W=} we replace v (9c)|Z
—v (xach point, the Gauss map 1/ b replaced by —v,L.—Ind hence the Wein — arten
maps W,L—lre also replaced by their negatives. The pri Ee curvatures change sign.  Hence,
in the above sum the coefficients of the even powers of hL—Jancel, since they are %EI in terms
ofproducts ofthe principal curvatures with an odd number of factors. For n =3 e are left
with a sum of terms, the E'

coefficient of i hich is the area, and the coefficient of h3 hich is the integral of the Gaussian
curvature. It was the remarkable discovery of Gauss that this curvature depends only on the
intrinsic geometry of the surface, and not on how the surface is embednto three space. Thus,
for both the cylinder and the plane the cubic terms vanish, because ( beally )  the cylinder
is isometric to the plane. =~ We can wrap the plane around the cylinder without stretching or
tearing.

It was this fundamental observation ofGauss that led Riemann to investigate the intr
metric geometry of higher dimensional space, eventually leading to Einstein quoteright
general relativity which derives the gravitational force from the curvature of space time. A
first objective will be to understand this major theore E Gauss.

ni rtant generahn of ss quot] = |ht J result was proved by ann Weyl
in 1939 He showed : if any kL—llimensional submanifold omensiorE
space 1 Jo for k n =3Y a curve in three space ), let Er | a the ¢
tube round f radius h, he of all points at distance h hen, for
small h, V;, ( k a polynomial in h hose coefficients a@tegralg over YL—Jf intrinsic

expressions, dependlng only on the n of distance within Y.
Let us multiply both sides of (1.4).=Jn the left by the matrix (X1, ..., X,_1)" L—Jo obtain

L= QWEI
where L;; = (X, Nj)s before, and

Q= (Qy) == (Xi,Xj)EI

is called the matrix of the first fundamental form relative to |E hoice of local coordi-
nates. All three matrices in this equality are of size x(n-1).
If we take the determinant of the equation L = QW e obtain

det TV = jng <1.9>E

an expression for the determinant of the Weingarten map ( geometrical prop —of the
embedded surface )  as the quotient of two local expressions. For the case n—1 =2, e thus
obtain a local expression for the Gaussian curvature,

K = detWE
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QOE CHAPTER 1 E THE PRINCIPAL IE '’ATURES.
The first funda Ea form encodes the intrinsic geometry of the hypersur —L— _&hce in terms

oflocal coord E S gives the Euclidean geometry ofthe tangeace in terms of the basis

X1y, X1, If we describe a curve tarrowrs IE mapstoy (t)L—JIn

the surface in terms of the coordinates y!, . -1 by giving the functions

tarrowright — mapstoy? (t),) = 1,...,n — 1L Jhen the chain rule says that

=5 %00 % 0]

where

y() =y O),.y""" (1) E

Therefore the ( E)uclidean ) square length of the tangent vector +/ (t)

HOrE= S @5

,j=1
Thus the length of the curve ’yiven by

[ il =)

V) ).

can be computed in terms of y ()

S o0 o o

dt
i,j=1

Eo long as the curve lies within the coordinate system ).
So two hypersurfaces have the same local intrinsic geometry if they have the same @ any
local coordinate system.

In order to conform with a (mewhat variable )  classical ht , we shall make some

slight changes in our notation for the of surfaces in e di — smnal space .7Ve
wil ote our local dinates by u,v stead of y1,yo nd SO X ill replace X;L—.nd

X, ill reEﬁe Xo,L—Ind we denote the scalar product of two vectors in three dimensional
space by a - stead of (, ). We write
_ (= )E =]
o - (510) o
where
E = Xu-Xu (L11) =
F = Xu-Xv (1.12) =
G = X, X, (1.13)L =1
S0

detQ = EG-— F?E (1.14) =]
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